
Author's personal copy

Multiscale hydro-thermo-mechanical model for early-age and mature
concrete structures

Libor Jendele a,⇑, Vít Šmilauer b, Jan Červenka a
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a b s t r a c t

Temperature and early-age mechanical properties in hydrating concrete structures present a significant
risk for cracking, having a major impact on concrete durability. In order to tackle these phenomena, a
multiscale analysis is formulated. It accounts for a high variety of cement properties, concrete composi-
tion, structure geometry and boundary conditions.
The analysis consists of two steps. The first step focuses on the evolution of moisture and temperature

fields. An affinity hydration model accompanied with non-stationary heat and moisture balance equa-
tions are employed.
The second step contains quasi-static creep, plasticity and damage models. It imports the previously

calculated moisture and temperature fields into the mechanical problem in the form of a staggered solu-
tion. The whole model has been implemented in the ATENA software, including also the effect of early-
age creep, autogenous and drying shrinkage.
Validation on selected structures shows a good prediction of temperature fields during concrete hard-

ening and a reasonable performance of the mechanical part.
� 2013 Elsevier Ltd. All rights reserved.

1. Introduction

Thermal expansion, shrinkage and external restraints present a
serious threat to concrete durability due to early-age cracking [1].
These problems may be investigated by means of virtual material
and structure testing. Based on an accurate mathematical formula-
tion of the underlying phenomena these models can assist in the
prediction of structural deterioration. Sensitivity analysis and opti-
mization present further extension of these multiscale models.

Extensive experimental research carried out in this area has al-
ready resulted in a number of precautions and recommendations
incorporated in civil engineering guidelines and codes [2]. The for-
mulation of numerical hydro-thermo-mechanical models followed
historical evolution. The simplest models were formulated for the
temperature evolution in hardening concrete under adiabatic cur-
ing conditions [3,4]. Recognizing a heterogeneous temperature dis-
tribution on the structural scale led to the development of
multiscale models for temperature prediction [5,6] to cite a few.
The most sophisticated models are based on chemo-mechanical
coupling, adding optionally concrete creep, tensile failure with
damage, plasticity or moisture transport [6–13]. These models
are quite accurate and versatile, although they may suffer from a

considerable number of input parameters being sometimes diffi-
cult to calibrate. Consequently, they are seldom used for routine
engineering analyses.

This paper aims at developing a new simulation tool that can
handle hydrating concrete in its complexity and heterogeneity.
Emphasis is put on versatility, accuracy and rational simplicity,
opening ways for wider engineering practice. A coupled multiscale
approach was selected since it provides a robust modelling frame-
work accommodating both material and structural scales. Now it is
possible to account directly for cement properties, concrete com-
position, creep and shrinkage behaviour, structural topology, rein-
forcement and various boundary conditions.

The validation and verification present indispensable processes
of any model. The international benchmark for crack control of
reinforced concrete structures, known as ConCrack, see www.con-
crack.org, was chosen to illustrate the performance of the newly
formulated multiscale model. It is worthy to review the results
from 18 participating teams competed in the modelling of two
reinforced beams using various software tools. A blind stage re-
vealed that the maximum concrete core temperature in a RG8
experiment was predicted between 48 and 65 �C against the mea-
sured 55 �C. None of the competing teams reproduced correctly a
dormant period and hydration kinetics strongly deviated. The re-
sults from the RG8 restrained shrinkage test revealed that only
one model gave reasonable predictions for displacements. After
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the calibration stage, the majority of models were able to correct
their predictions.

2. Formulation of hydro-thermo-mechanical model

Fig. 1 provides a flowchart of the developed multiscale hydro-
thermo-mechanical model employing a staggered solution strat-
egy. Firstly, moisture and heat transport analysis is carried out
using a five-component model for concrete. Secondly, thermal
and moisture fields are passed to the mechanical analysis of the
structure. A weak coupling between hydro-thermal and mechani-
cal parts is assumed, meaning that structural conditions in the
mechanical model have no influence on the calculated hydro-ther-
mal fields. The presented model has been implemented in the
ATENA software [14].

2.1. Heat and moisture transport analysis

Heat and moisture analysis predicts the evolution of moisture
and temperature fields. Both are used in the subsequent mechani-
cal analysis for:

� Determination of the maximum temperature and its gradients.
� Calculation for thermal expansion and contraction strain.
� Accuracy enhancement of creep prediction models, e.g. the cal-
culation of drying creep, drying shrinkage, the temperature
effect on creep scaling.

2.1.1. Heat transport

The heat balance equation for non-stationary heat transport
requires

@

@t
ðQÞ ¼ �divð�qTÞ ð1Þ

where Q is the total amount of heat accumulated in a unit volume of
concrete in J/m3 and �qT is a heat flux in J s�1 m�2. A change of ther-
mal energy occurs due to a temperature change and released hydra-
tion heat

@Q

@t
¼ @Q c

@T

@T

@t
þ Qh

@t
¼ CT

@T

@t
þ @Qh

@t
ð2Þ

where Qc is a heat gain or loss due to conduction in J/m3, CT is the
heat capacity in J K�1 m�3, Qh is the total hydration heat released
at the time t in J/m3. The heat flux �qT is calculated via Fourier’s law

�qT ¼ �krðTÞ ð3Þ

where k represents thermal conductivity in J s�1 m�1 K�1 for isotro-
pic material. Substituting Eqs. (2) and (3) into Eq. (1) provides dif-
ferential equation from which the unknown temperature field can
be obtained.

2.1.1.1. Hydration heat. The affinity hydration model provides the
framework for accommodating all stages of cement hydration
and presents the core of the multiscale hydro-thermal formulation.
It is accompanied by the calculation of released heat and consumed
water during hydration stages. The degree of hydration a 2 h0,1i
can be approximated experimentally by the amount of liberated
heat scaled to the potential hydration heat of cement, Qh,pot, in
J kg�1

Qh

Qh;pot

¼ a ð4Þ

In the modelling, the degree of hydration is approximated by
integrating the chemical affinity eA25. Expressing affinity at 25 �C
has an advantage of easy scaling hydration kinetics with tempera-
ture while the other parameters inside the affinity model remain
constants. The evolution of the degree of hydration under an arbi-
trary temperature T reads

@a
@t

¼ eA25 exp
Ea

R

1
T25

� 1
T

� �� �
ð5Þ

where R is a gas constant 8.31441 J mol�1 K�1, T is the current tem-
perature in K, T25 is a reference temperature in K, and the activation
energy Ea is approximately 40 kJ/mol, see [15].

Cervera et al. [16] developed an analytical form of the normal-
ized affinity which was refined in [12]. A slightly modified formu-
lation is proposed here

eA25 ¼ B1
B2

a1
þ a

� �
ða1 � aÞ exp �g a

a1

� �
ð6Þ
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Fig. 1. Flowchart of the multiscale hydro-thermo-mechanical model.

L. Jendele et al. / Advances in Engineering Software 72 (2014) 134–146 135



Author's personal copy

where B1 in s�1 and dimensionless B2 are coefficients to be cali-
brated, a1 is the ultimate hydration degree and g represents the
microdiffusion of free water through formed hydrates.

Gawin et al. [12], among others, added the effect of relative
humidity on the hydration rate. The extension of (5) leads to

@a
@t

¼ eA25bh exp
Ea

R

1
T25

� 1
T

� �� �
ð7Þ

bh ¼
1

1þ ða� ahÞ4
ð8Þ

where bh = bh(h) accounts for the reduction of capillary moisture, h
is the relative humidity and a is the material parameter, typically
a = 7.5 [17]. The ultimate degree of hydration, a1, depends on the
fineness of cement and also on available space for hydration prod-
ucts as follows [18]
Sealed curing

a1 ¼ w=c

0:42
; a1 6 1 ð9Þ

Saturated curing

a1 ¼ w=c

0:36
; a1 6 1 ð10Þ

where w/c is the water–cement ratio.
Substituting Eqs. (6) and (8) into (7) and (4) yields the final

equation to predict the development of hydration heat. As it is
impossible to express a evolution analytically from Eq. (7), the
numerical integration takes place.

The model’s parameters B1, B2, a1 and g need to be calibrated
from isothermal calorimetry or other sophisticated hydration mod-
els. For example, the cement hydration model CEMHYD3D [19] al-
lows us to account for the particle size distribution of cement, its
chemical composition or water curing regime. Fig. 2 shows the per-
formance of the affinity hydration model with regards to the CEM-
HYD3D model and isothermal calorimetry for cement paste as an
example. The experiment was conducted at the Czech Technical
University in Prague.

It is assumed that the hydration of cement paste is not influ-
enced by the presence of aggregates in concrete. Upscaling hydra-
tion heat to concrete occurs through a known cement mass in
concrete.

2.1.2. Heat capacity

Concrete is treated as a five-component material built up from
aggregates, inert filler, water, cement and air. The contribution of
these components to heat capacity follows the rule of mixtures

Cconcrete ¼ faggregateCaggregate þ ffillerCfiller þ bCpaste ð11Þ

where Cconcrete, Caggregate, Cfiller and bCpaste stand for the concrete,
aggregate, filler and paste capacity (per unit volume) with corre-
sponding volume fractions f. Bentz [4] studied the evolution of
the paste heat capacity at 23 �C for w/c varying between 0.3 and
0.5. The heat capacity of hardening cement paste depends on the
degree of hydration.

bCpaste ¼ ðfcementCcement þ fwaterCwaterÞð1� 0:26ð1
� expð�2:9aÞÞÞ ð12Þ

where Ccement in J m�3 K�1 is the unreacted cement heat capacity at
the time zero and Cwater in J m�3 K�1 is the capacity for capillary
water [4]. The heat capacity of structural concrete normally spans
the range between 800 and 1170 J kg�1 K�1 when expressed per
kg of concrete [10].

2.1.2.1. Heat conductivity. The thermal conductivity of five-compo-
nent fresh concrete is calculated from the well known Hashin–
Shtrikman bounds (HS) and the Mori–Tanaka scheme (MT). Bentz
[4] proposed using the arithmetical average of HS bounds for a
fresh cement paste. In the presented model, the upscaling to the
concrete level happens in the following hierarchical order:

1. Plain Portland paste = Unreacted cement + water (average of HS
bounds).

2. Plain paste = Item 1. + filler (average of HS bounds).
3. Paste = Item 2. + air (Mori–Tanaka method).
4. Mortar, Concrete = Item 3. + aggregates (average of HS bounds).

Bentz [4] found that thermal conductivity for cement paste re-
mains in the range of 0.9–1.05Wm�1 K�1 for an arbitrary degree
of hydration, for both sealed and saturated curing conditions and
for w/c spanning from 0.3 to 0.4. A reasonable approximation of
thermal conductivity was obtained by HS bounds averaging, inter-
mixing capillary water 0.604 Wm�1 K�1 together with unreacted
cement 1.55 Wm�1 K�1 [4]. This is the first step in the homogeni-
zation. When calculating the thermal conductivities of two phases
such that k1 < k2, the upper and lower HS bounds are derived

klower ¼ k1 þ
3f 2k1ðk2 � k1Þ

3k1 þ f1ðk2 � k1Þ

kupper ¼ k2 þ
3f 1k2ðk1 � k2Þ

3k2 þ f2ðk1 � k2Þ

ð13Þ

The homogenization then yields

Average of HS bounds khom ¼ klower þ kupper

2
MT method khom ¼ kupper

ð14Þ

The second homogenization step combines cement paste with
filler, which is further upscaled considering entrapped/entrained
air. Due to a small volume of air in fresh structural concrete
(around 5%), the Mori–Tanaka scheme is more suitable and coin-
cides with the upper HS bound solely. The fourth homogenization
yields the effective thermal conductivity for fresh concrete. It is
well known that the aggregate conductivity and its volumetric
fraction in the mixture strongly influence the concrete conductiv-
ity; for example granite lies between 1.7 and 4.0 Wm�1 K�1 [20].
Hardened mature concrete yields values between 0.85 and
3.5 Wm�1 K�1 [2]. Thermal conductivity for air in a pore is as-
sumed 0.035 J(m s K)�1.

Fig. 3 summarizes thermal conductivities for ordinary hardened
concrete depending on the concrete unit mass and saturation con-
ditions. It presents results according to Neville [2] and the Czech
ČSN 731208 standard. The latter considers 1.5 Wm�1 K�1 for dry
concrete and 1.7 Wm�1 K�1 for water-saturated concrete.
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To elucidate the thermal effect of aggregates, let us consider a
binding matrix with kbinder = 1.0 Wm�1 K�1 and an aggregate with
kaggregate = 2.0 Wm�1 K�1. The volume fraction of aggregates runs
from 0 to 1. Fig. 4 shows that the lower and upper HS bounds
are close to each other and averaging the bounds provides a rea-
sonable approximation.

It is well known that the concrete thermal conductivity de-
creases at later times by about 20–30% from the initial fresh state.
Ruiz et al. [21] approximated such a behaviour and the same rela-
tionship is also used in our model

kconcrete ¼ kconcrete;0ð1:0� 0:248aÞ ð15Þ

where kconcrete;0 is the conductivity of fresh concrete obtained from
the four-step homogenization.

2.1.3. Moisture transport

The presented formulation extends the work of Kuenzel [22]. It
makes no difference between transportable liquid water and water
vapour and it is suitable for problems with dominating diffusion
and negligible convection. The governing equation for moisture
transport in a unit volume reads

@w

@t
þ @wh

@t
¼ �divð�qhÞ ð16Þ

where w is the moisture content at the current time t in kg m�3, wh

stands for the moisture amount consumed by hydration in kg m�3,
�qh represents the moisture flux in kg m�2 s�1. The time derivative of
w is calculated as @w

@t
¼ Ch

@h
@t
, in which Ch is the concrete moisture

capacity in kg m�3 and h is relative humidity. The moisture flux is
computed as

�qh ¼ �Dhrh ð17Þ

whererh is a gradient of relative humidity and Dh is molecular dif-
fusion coefficient, representing the sum of liquid water and water
vapour in kg m�1 s�1, see Eq. (22).

2.1.3.1. Water consumption due to hydration. Experimental evidence
shows that complete hydration of 1 kg high-alite cement powder
consumes approximately 0.23 kg of water, i.e Qw,pot = 0.23 [2]. It is
expressed in units kg ofwater per kg of cementpowder. This amount
of water is often termed as chemically bound or non-evaporable.
Taking a linear dependence of the water consumption wh due to
hydration on the degree of hydration a, the water sink term reads

wh ¼ Qw;potca ð18Þ

where c stands for the mass of cement in 1 m3 of concrete.

2.1.3.2. Moisture capacity of concrete. A simple constitutive law
based on Kuenzel [22] is used to calculate the moisture capacity
of concrete in kg m�3

w ¼ wf

ðb� 1Þh
b� h

ð19Þ

where wf in kg m�3 is free water saturation and b is a dimensionless
approximation factor, which must always be greater than one. It can
be determined from wf and the water content w80 at a relative
humidity h = 0.80 by substituting the corresponding numerical val-
ues into Eq. (19)

b ¼ hðwf �w80Þ
wfh�w80

ð20Þ

The moisture capacity, Ch in kg m�3, is calculated as a derivative
of moisture content with respect to h

Ch ¼
@w

@h
¼ wf ðb� 1Þb

ðb� hÞ2
ð21Þ

2.1.4. Moisture diffusion

The moisture transport is formulated for a diffusion problem,
which is applicable for dense concrete with mutually unconnected
capillary pores. Hence, moisture convection through pores driven
by water pressure is inhibited. The isotropic total moisture diffu-
sivity Dh used in Eq. (17), is calculated as a sum of the water Dw

h

and the water-vapour Dwv
h diffusivity

Dh ¼ Dw
h þ Dwv

h ð22Þ

The water liquid diffusivity Dw
h is calculated

Dw
h ¼ Dw

w

@w

@h
ð23Þ

where the water diffusivity Dw
w in m2 s�1 is approximated [22]

Dw
w ¼ 3:8 A21000

ð w
wf

�1Þ

ðwf Þ2
ð24Þ

with A being the water absorption coefficient in kg m�2 s�0.5,
depending on a particular concrete mix. The water vapour perme-
ability is computed from the water vapour pressure-driven diffusiv-
ity Dwv

p in kg m�1 s�1 Pa�1

Dwv
p ¼ d

l
ð25Þ

where l is the water vapour diffusion resistance factor, and d is the
vapour diffusion coefficient in air in kg m�1 s�1 Pa�1 [22]
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d ¼ 0:00002306pa
R

Mw
ðT þ 273:15Þpa

T þ 273:15
273:15

� �1:81

¼: 1:944E� 12ðT

þ 273:15Þ0:81 ð26Þ

with the atmospheric pressure pa = 101325 Pa, the universal gas
constant R = 8.31441 J mol�1 K�1 and the molar mass of water
Mw = 0.01801528 kg mol�1. l depends on a particular concrete
mix and is given in Table 1.

Since the relative humidity h is the primary variable used to
analyze moisture transport, Dwv

p must be transformed to Dwv
h

Dwv
h ¼ Dwv

p

@p

@h
¼ Dwv

p

@ðpsathÞ
@h

¼ Dwv
p psat ð27Þ

The pressure of saturated water vapour employs an empirical
relationship in Pa [22]

psat ¼ 611eð
aT

T0þT
Þ ðPaÞ ð28Þ

where T is temperature in �C and the remaining parameters are
TP 0:T0 = 234.18 �C, a = 17.08; T < 0: T0 = 272.44 �C, a = 22.44.

2.2. Mechanical analysis

Mechanical analysis complements the hydro-thermal analysis,
see Fig. 1. Separation into short-term and long-term material
behaviour is the crucial feature of the presented formulation.
While the short-term model provides short-term material re-
sponse at a fixed particular time, the long-term model accounts
for time-dependent phenomena such as concrete creep. Hence, at
each time step, the long-term material model is used first to calcu-
late actual material parameters and these are subsequently em-
ployed in the short termmodel to calculate final material response.

The coupling between heat/moisture analysis and mechanical
analysis occurs via integration points. The meshes for both trans-
port and mechanical problems can be different since the moisture
and temperature fields are imported using the isoparametric inter-

polation. The presented model also supports geometric nonlinear-
ity, allowing large displacements and large rotations [23].

2.2.1. Long-term material model

The time-dependent evolution of creep and shrinkage strains
are incorporated via the Stieltjes integral [24]

eðtÞ ¼
Z t

0
Uðt; t0Þdrðt0Þ þ e0ðtÞ ð29Þ

where r(t) is the stress at the time t, dr(t0) represents the stress
increment, e0(t) stands for material swelling/shrinkage at the time
t taking into account thermal strains, autogenous shrinkage and
drying shrinkage, U(t, t0) is the compliance function of concrete
creep, t is actual time and t0 is time at the beginning of loading.

Eq. (29) represents the formulation for linear creep, which is va-
lid up to about 60% of the concrete strength in compression. How-
ever, the simulation of very young concrete with high autogeneous
shrinkage and external restraint means that tensile strength is
comparable with tensile stress. In such a particular case, concrete
creep becomes essentially nonlinear and stress relaxation is stron-
ger than predicted. In this regard, early-age simulations tend to
predict a slightly worse scenario for the crack development.

Eq. (29) is integrated in time by the step-by-step method (SBS)
in which the original material compliance function is replaced by
the Dirichlet series [25,26]. Knowing stress and strain at time t,
their values at the time t +Dt are calculated as follows [26]

D�rt ¼ ~EtðD�et � D�e
�
tÞ ð30Þ

�etþDt ¼ �et þ D�et ð31Þ
�rtþDt ¼ �rt þ D ð32Þ

where �rtþDt and �etþDt are total stress and total strain. Similarly, D�rt

is stress and D�et is overall strain increment at the time Dt, D�e
�
t is

inelastic strain increment to capture the creep history such as
shrinkage and ðD�et � D�e

�
tÞ represents mechanical strain increment.

~Et is the time adjusted material stiffness matrix [14,26]. Any consti-

Table 1

Parameters for hydro-thermal simulations.

Parameter/experiment Paste w/c = 0.25 Paste w/c = 0.50 Oparno bridge w/c = 0.425 RG8 ConCrack w/c = 0.4625

Cement mass (kg m�3) 1784 1234 409.45 400 (320)
Initial water mass (kg m�3) 446 617 178.0 185
Filler mass (kg m�3) – – 85.74 0 (80)
Aggregate mass (kg m�3) – – 1785 1765
Filler density (kg m�3) – – 2380 1400
Aggregate density (kg m�3) – – 2829 2620
Heat capacity of filler (J m�3 K�1) – – 2.377e+6 0.98e+6
Heat capacity of aggregates (J m�3 K�1) – – 2.377e+6 2.201e+6
Thermal conductivity of filler (J h�1 m�1 K�1) – – 4320 2160
Thermal conductivity of aggregates (J h�1 m�1 K�1) – – 8640 11520
Hydration model parameter B1 (h�1) 1.8 0.9744 0.9744 1.8
Hydration model parameter B2 (–) 3.52e�4 7.0e�4 7.0e�4 1.0e�5
Hydration model parameter a1 (–) 0.50 0.85 0.85 0.90
Hydration model parameter g (–) 4.6 6.7 6.7 7.0
Water mass at 80% rel. humidity w80 (kg m�3) 250 300 40 80
Cement density (kg m�3) 3220 3220 3220 3170
Water density (kg m�3) 1000 1000 1000 1000
Heat capacity of cement (J m�3 K�1) 2.415e+6 2.415e+6 2.415e+6 2.378e+6
Heat capacity of water (J m�3 K�1) 4.180e+6 4.180e+6 4.180e+6 4.180e+6
Thermal conductivity of cement (J h�1 m�1 K�1) 5580 5580 5580 5580
Thermal conductivity of water (J h�1 m�1 K�1) 2174 2174 2174 2174
Thermal conductivity of filler (J h�1 m�1 K�1) – – 4320 2160
Potential hydration heat Qh,pot (J kg

�1) 509217 509217 509217 498200
Activation energy (J mol�1) 38300 38300 38300 38300
Parameter A for hydration rate decrease (–) 7.5 7.5 7.5 7.5
Chemically bound water Qw,pot (kg kg�1) 0.24 0.24 0.24 0.24
Water absorption coefficient A (kg m�2 h�0.5) 0.6 0.6 0.6 0.6
Diffusion resistance factor l (–) 210 210 210 210
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tutive model for prediction of creep and shrinkage can be used for
this type of analysis, e.g. the B3 model [27].

Creep and shrinkage of concrete heavily depends on humidity
and temperature conditions. The effect of the variable temperature
T(t) is projected to the creep prediction model by using so-called
equivalent time values te(T, t). The creep prediction material law
is normally calibrated for a constant reference temperature Tref.
In case of variable temperature conditions T(t), the temperature
adjusted predictions are obtained by the same models, whereby
all real times t are replaced by their equivalent times te. This strat-
egy is described in Section 1.7.2 in [27].

Each structural material point has an individual temperature
history, resulting in unique equivalent time, creep and shrinkage
functions. However, as the difference between the histories in
adjacent material points are often negligible, these points can be
grouped together and can share an average temperature. This tech-
nique significantly reduces the number of models’ instances and
speeds up the solution.

2.2.2. Short-term material model

The short-term material model accounts for all nonlinear
behaviour due to crack development, material softening/harden-
ing, fracture, plasticity, etc. It has been published in details in
[14,28], and thus only a brief description is given here to show
its overall concept and its link to the Long-term material model
from Section 2.2.1.

Stress–strain behaviour strongly depends on current material
conditions in each material point. The incremental formulation
considers previous history. It uses several time-dependent vari-
ables, such as Young’s modulus, compliance function of creep,
inelastic strains, compressive and tensile strengths, which are
computed, for a particular current and loading time t, t0 and time
increment Dt, by the Long-term material model from Section 2.2.1.
For more details see also [14,26], and a creep prediction model
such as [27].

Note that in this section all the time-related indices are stripped
away in order to simplify the notation.

The short-term material model formulation is based on the
decomposition of the strain vector into elastic �ee, plastic �ep and
fracturing �ef strains [29], which for the incremental nonlinear solu-
tion can be written in the rate form as

_�e ¼ _�ee þ _�ep þ _�ef ð33Þ

The stress evolution is described by the formula

_�r ¼ Eð _�e� _�ep � _�ef Þ ð34Þ

In the above E is abbreviated notation for ~Et from Eq. (30) and
the two unknown strain vectors are defined as:

_�ef ¼
E

Eþ TTEfT
ð _�e� _�epÞ ð35Þ

_�ep ¼ _kp �m; _kp ¼
�nTEð _�e� _�ef Þ
�nTE �m� Hp

; �n ¼ @Fp

@�r
; �m ¼ @Gp

@�r
ð36Þ

Eq. (36) represents the fracturing model, which takes into account
the development of tensile cracks, while the Eq. (37) corresponds
to the plasticity model for the modelling of compressive concrete
failure. These two equations are not independent and must be
solved by an iterative algorithm, which is described in detail in [28].

In the fracturing model, Eq. (36), the fracturing strain _�ef is cal-
culated from the Eq. (35), where _�r is replaced by the stress in
the cracks as defined in Eq. (38). T is the strain transformation ma-
trix for transforming the strain vector from the global coordinate
system into the local coordinate system aligned with cracks in con-
crete, and Ef is the stiffness matrix for the cracks. In the present

model, maximum three orthogonal cracks can be modelled at each
point and the matrix Ef has the following form

_�r0 ¼ Ef
_�e0f ; Ef ¼

1Ef 0 0

0 2Ef 0 0

0 0 3Ef

12Ef 0 0

0 0 23Ef 0

0 0 13Ef

2
666666664

3
777777775

ð37Þ

where the prime indicates the stress and strain quantities in the lo-
cal coordinate system in cracked concrete. The individual compo-
nents of the matrix Ef are calculated by Eq. (39) using the
softening evolution law (see Fig. 5) for the tensile strength ft, which
is a function of the crack opening displacement wt. The crack band
method of Bažant and Oh is used [30], which allows to relate the
crack opening displacement wt to the fracturing strains �ef through
the crack band size LT (Fig. 5). The shear components ijEf of the ma-
trix Ef are assumed to be dependent on the corresponding normal
components and on the multiplier sF, which is assumed to be an in-
put material parameter.

iEf ¼
@ftðiwtÞ
@w

LT ;
ijEf ¼ sF minðiEf ;

jEf Þ; iwt ¼ ief LT ð38Þ

The elements of the transformation matrix T are gradually cal-
culated at the onset of cracking in each of the three material direc-
tion. This corresponds to the fixed crack model, when the crack
direction is fixed after the initiation. On the other hand, if the ma-
trix T is recalculated for each step based on direction of the current
principal strains, a rotated crack model is recovered. It should be
also noted that evaluation of the fracturing model, i.e. the Eqs.
(36) and (39) requires an iterative algorithm since Ef depends on
�ef . This algorithm is described in detail in [28].

In the plasticity model, Eq. (37), the plastic strain rate _�ep is cal-
culated from the consistency condition. kp is the plastic multiplier,
and �n and �m are stress derivatives of the plastic and potential sur-
face respectively. The plastic surface Fp is defined by the three-
parameter criterion, (fc, ft,e), according to Menetrey and Willam
[32] (Fig. 6)

Fp ¼
ffiffiffiffiffiffiffi
1:5

p q

f
_

c

2
4

3
5

2

þm
q
ffiffiffi
6

p
f
_

c

rðh; eÞ þ n
ffiffiffi
3

p
f
_

c

2
4

3
5� c ¼ 0 ð39Þ

where

m ¼ 3
f
_
2
c � f 2t

f
_

cft

e

eþ 1

rðh; eÞ ¼ 4ð1� e2Þ cos2 hþ ð2e� 1Þ2

2ð1� e2Þ cos hþ ð2e� 1Þ½4ð1� e2Þ cos2 hþ 5e2 � 4e�12
ð40Þ

Fig. 5. Crack opening law Hordijk [30] and crack band LT definition,
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In the above equations, (n,q,h) are the Haigh–Westergaard stress
coordinates and fc and ft are the compressive strength and tensile
strength, respectively. Parameter e 2 (0.5,1.0) defines the round-
ness of the Menétrey-Willam failure surface, with a recommended
value e = 0.52 [32]. The plastic surface is not constant. Its evolution
is governed by the equivalent plastic strain eeqp

_eeqp ¼ minð _ep1; _ep2; _ep3Þ ð41Þ

where epi is the ith component of the principal plastic strains. The
hardening is modelled by adjusting the compressive strength f

_

c ,
while the softening is controlled through the parameter c
Hardening eeqp 2 h�ecp;0i

f
_

cðeeqpÞ ¼ fc0 þ ðfc � fc0Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� ecp � eeqp
ecp

� �2
s

ð42Þ

Softening eeqp 2 h�1;�ecpi

c ¼ 1� wc

wd

� �2

; wc 2 h�wd;0i

c ¼ 0; wc 2 ð�1;wdÞ
wc ¼ ðeeqp � ecpÞLc

ð43Þ

In the formulas above, ecp is the value of the plastic strain when the
compression strength fc is reached in a uniaxial compression test. fc0

is the onset of nonlinear behaviour in compression, wd is the critical
value of compressive displacement and wc is the displacement
when the compressive strength drops to zero. When concrete
crushing enters into the softening regime, an analogous approach
to the crack band model is also used for the localization in compres-
sion within the crushing band Lc. The crushing band Lc is calculated
for each finite element as the element size projected into the direc-
tion of the minimal compressive stress (Fig. 7). This approach is
based on the work of Van Mier [33], where it was experimentally
shown that a unique value of the post-peak critical crushing dis-

Fig. 6. Visualization of the three-parameter Menetrey and Willam [31] failure
criterion (40).

Fig. 7. Evolution laws for the plasticity model for concrete (left) hardening law, (right) softening law with crush band Lc definition.
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Fig. 8. Experimental setup for temperature and relative humidity measurement of
cement pastes, w/c = 0.25 and w/c = 0.50.
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Fig. 9. Evolution of hydration degrees in cement pastes withw/c 0.25 and 0.50 from
the CEMHYD3D model. The affinity model under isothermal 20 �C is fitted in.
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placement wd was recovered for the tested specimens independent
of their sizes.

The plastic potential (45) defines the direction of the plastic
flow, and is controlled by the parameter b, which defines the
volumetric change during the crushing process: b > 0 means vol-
ume expansion, b < 0 material compaction, b = 0 material volume
is preserved

Gpð�rÞ ¼ b
1ffiffiffi
3

p I1 þ
ffiffiffiffiffiffiffi
2J2

p
ð44Þ

I1 is the first invariant of stress vector and J2 is the second invariant
of deviatoric stress vector. The hardening/softening modulus Hp

from (37) is defined as

Hp ¼
@Fp

@fc

@fc
@eeqp

@eeqp
@kp

þ @Fp

@c

@c

@wc

@wc

@kp
ð45Þ

The presented model is aimed to calculate plain and reinforced
concrete structures. Any short-term one dimensional material law
can be used for steel reinforcement, e.g. a multi-linear 1D model or
an elasto-plastic model with hardening/softening.

3. Validation

The examples presented in this paper concentrate on the trans-
port model and the combined hydro-thermo-mechanical model.
The validation of the long-term and short-term mechanical models
can be found in [26,34] and [28] respectively. The presented exam-
ples range from a low level cement paste experiment up to a
benchmark study using a full multiscale formulation of the devel-
oped hydro-thermo-mechanical analysis.

3.1. Hydration of cement paste

Nawa and Horita [35] measured the temperature and moisture
evolution in hydrating cement paste for several w/c’s. Fig. 8 depicts
the setup of the experiment. Numerically, the problem is modelled
as a 1D axisymmetric case of hydro-thermal analysis. Heat conduc-
tion in the axial direction was neglected and the lateral heat trans-
fer coefficient was set to 57500 J h�1 m�2 K�1 with external
constant ambient temperature of 20 �C. It reflects the effect of
the mould and the surrounding environment (see Fig. 8).

Table 1 summarizes all material input data for the w/c ratios of
0.25 and 0.5. The difference in hydration kinetics in both w/c has to
be approximated with two sets of affinity model parameters. Fig. 9
shows fitting the affinity model to the CEMHYD3D simulation. The
major difference between pastes with the both w/c ratios occurs
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Fig. 10. Evolution of temperature and relative humidity of cement pastes.

Fig. 11. Temperature field T(x) at 10 h in radial direction, w/c = 0.25.

Fig. 12. Two arches of Oparno Bridge during construction (Photo by Jan L. Vítek).
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Fig. 13. Temperature (top) and relative humidity (bottom) fields in the left symmetric part of the arch cross section. The outer dimensions of the displayed cross-section are
3.5 � 2.17 m. Six cooling pipes are embedded.

Fig. 14. Crack pattern in a 1 m long segment in Oparno Bridge.
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Fig. 15. Validation of the multiscale model on the Oparno Bridge arch.
Fig. 16. A validated massive RG8 beam with restrained shrinkage (image from the
Cheops database).
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after 1 day of hydration due to the depletion of available capillary
water and capillary space in the case of w/c = 0.25.

Fig. 10 compares the evolution of the measured and calculated
temperature and relative humidity. Fig. 11 displays the tempera-
ture field under the maximum core temperature at 10 h for the
case of the sample with w/c = 0.25. The coupled model parameters
in both pastes differ in the affinity hydration model, the cement
and water content and in a different water mass at 80% relative
humidity, see Table 1. The remaining parameters remain the same.
It is worthy to note that although the model for moisture transport
from Section 2.1.3 was derived for hardened concrete, it can be
equally used for hydrating cement paste as is done here.

3.2. Arch of Oparno Bridge

A new reinforced concrete arch bridge was erected between
2008 and 2010. It is located on the Prague–Dresden highway.
Two arches with a span of 135 m support pre-stressed bridge
decks; see Fig. 12. They were designed with a special emphasis
on durability and reduced maintenance costs, which in turn in-
volved the need for temperature optimization during the casting.
Thus, the procedure of casting aimed at reaching the minimum
temperature during summer periods with feasible temperature
gradients across selected cross sections.

The analyzed cross section is located above the scaffolding in
Fig. 12. The left symmetric part has outer dimensions of
3.5 � 2.17 m. The analysis is treated as a 2D semi-infinite problem.

The most critical time for the temperature evolution occurred
during the summer in 2009 with the top ambient air temperature
over 30 �C. The C45/55 concrete composition was provided by the
subcontractor and the evolution of hydration heat was simulated
using the CEMHYD3D model. Thereafter, the affinity hydration
model was calibrated. Table 1 summarizes concrete parameters
for the simulation.

To avoid the development of excessive temperature within the
arches, six cooling pipes were embedded in the half-cross section.
After a few geometrical iterations, the most suitable position of the
cooling pipes was found, see Fig. 13. The simulation revealed that
cooling ice water could be turned off after about 40 h from the
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Fig. 17. Validation of the CEMHYD3D model and the affinity model in the concrete
adiabatic test.

Fig. 18. Our model for RG8 showing the reinforcement, material assignment and points C, D with a mutual distance of 2.5 m on the beam axis.
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Table 2

Mechanical time adjusted parameters for C50/60 concrete, w/c = 0.475.

Mechanical parameter at 28 days Value

Cylindrical uniaxial compressive strength 50 MPa
Young’s modulus 37 GPa
Compressive stress at the onset of cracking 4.1 MPa
Tensile strength 1.93 MPa
Fracture energy 48.3 J/m2
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casting. Fig. 13 shows the temperature T and the moisture h fields
at 0, 32, 42, 60 h of hydration. It was exercised that water cooling
efficiently mitigated hydration heat and maintained the core tem-
perature under 65 �C. Without water cooling, the maximum tem-
perature would exceed 85 �C, which is unacceptable. The results
of the transport analysis are added in Fig. 14 that shows a crack
pattern caused by cooling of the outer surface.

The initial concrete temperature of the arch was set up to 19 �C,
the ambient air temperature was kept constant at 21 �C and the
temperature of the cooling water was maintained constant at
7 �C. The heat transfer coefficient on the concrete surface was esti-

mated at 10Wm�2 K�1. Note that the initial concrete temperature
is one of the most sensitive factors in controlling the maximum
core temperature.

Fig. 15 validates the simulation and shows a reasonable predic-
tion. The small discrepancy is most probably due to a bit higher
cement fineness, a continuous casting process and possibly vari-
able initial temperature of mix batches.

3.3. RG8. experiment from ConCrack

The validation of the coupled hydro-thermo–hydro-mechanical
analysis originates from the well-documented RG8 ConCrack
benchmark experiment. For further information see http://
www.concrack.org/. 18 teams modelled the RG8 beam and their
results were gathered by the organizer during a blind stage. In
the next feedback stage, the teams received their experimental
data with the simulations. It was the starting point for the pre-
sented analysis.

Fig. 16 shows the overall geometry of the RG8 beam with two
massive heads on both sides and two restraining steel struts. The
central beam part has dimensions of 0.5 � 0.8 � 5.1 m and is rein-
forced. The benchmark experiment provides data on the cement
mineral composition, cement fineness, concrete composition, rein-
forcement, geometry, external temperature, internal temperature
in three points, adiabatic concrete temperature and displacements
of two points C, D located on the beam axis 2.5 m apart, see Fig. 18.

In order to succeed in the simulation, the hydration model had
to be first calibrated, see Table 1. Fig. 17 shows the results from the
adiabatic experiment and the calibrated affinity hydration model.

The same finite element mesh was used for heat/moisture
transport and mechanical analyses. It is shown in Fig. 18. Note that
the beam’s heads were simplified and the struts were tied directly
to the surfaces of the central beam.

The beam had been initially insulated by a layer of 200 mm of
expanded polystyrene. After 2 days of hydration the polystyrene
was removed and thereafter the beam surface was exposed to
the ambient air temperature and moisture. The original concrete
composition stated 400 kg/m3 of cement, which led to a tempera-
ture exceeding 70 �C in the adiabatic experiment. However, in real-
ity, the maximum measured temperature was only 53.7 �C at 30 h
of hydration. For this reason, we decided to reduce the clinker con-
tent to 320 kg/m3. The potential energy of the clinker was 498.2 J/g
of cement, see Table 1.

Fig. 19 validates the resulting temperatures in the bottom sen-
sor located 50 mm above the surface and in the central part of the
beam. Comparing the measured and calculated temperatures it can
be found that the former ones are a bit higher, probably due to the
additional supply of solar energy, which was neglected in the mod-
el. After approximately 4 days, the beam temperatures follow the
fluctuations of ambient air temperature.

Relative humidity in the beam gradually decreases to 0.88,
however, no experimental data were provided to validate this
result.

The static creep analysis was carried out for times from 0.1 to
30 days. Table 2 summarizes the most important material param-
eters for C50/60 concrete used in the analysis. Note that they rep-
resent default values for concrete of this specification.

Autogeneous shrinkage calibrated from the measured data does
not play a significant role due to a high w/c = 0.475. Creep and
shrinkage related properties were predicted by the B3 material
[27], updated with previously computed moisture and tempera-
ture fields.

In order to avoid complexity with additional reinforcement and
transverse pre-stressed tendons in the heads, our model simplified
the cantilever wings into which the struts are attached; compare
Figs. 16 and 18. A direct connection to the beam was applied. How-

-0.5

-0.4

-0.3

-0.2

-0.1

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 0  20  40  60  80  100

R
e

la
ti
v
e

 d
is

p
la

c
e

m
e

n
t 

C
-D

 (
m

m
)

Time of concrete hydration (hours)

Experiment

ATENA ks=1%

ATENA ks=25%

ATENA ks=100%

Fig. 20. Validation of relative displacements of points C–D. The coefficient ks shows
the stiffness reduction of the struts, where 25% is the most feasible value.

-200

-100

 0

 100

 200

 300

 400

 500

 0  1  2  3  4  5

L
o
n
g
it
u
d
in

a
l 
s
tr

a
in

 c
o
m

p
o
n
e
ts

 (
µ

ε)

Time of concrete hydration (days)

Core point
Temperature, ε

T

Autog.+drying, ε
as

+ε
ds

Fracturing, ε
f

Elastic, ε
e

-200

-100

 0

 100

 200

 300

 400

 500

 0  1  2  3  4  5

L
o
n
g
it
u
d
in

a
l 
s
tr

a
in

 c
o
m

p
o
n
e
ts

 (
µ

ε)

Time of concrete hydration (days)

Surface point
Temperature, ε

T

Autog.+drying, ε
as

+ε
ds

Fracturing, ε
f

Elastic, ε
e

(a)

(b)

Fig. 21. Strain components in the core and surface point of the beam during
hardening.
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ever, as the wings increased the resulting compliance, we had to
increase artificially the strut compliance. Let us consider the wings
at the time of 0.6 day. Young’s modulus at that time was 5 GPa. The
original compliance of one separate strut was 0.777 mm/MN. Then,
if we treat the wing as a cantilever beam, we get its total shear and
bending compliance of 1.143 mm/MN. Therefore, the bracing effect
of the original struts and wings can approximately be incorporated
by reducing the original cross-section area of the model’s struts As

to As,reduced = Aks, where ks = 0.25.
Fig. 20 shows displacements at control points C, D for different

stiffness of the struts. It can be found that the stiffness reduction of
the struts affects the displacement only up to about 3 days of
hydration. Afterwards, the displacement of the points C, D follows
the fluctuation of ambient air temperature due to material thermal
expansion.

Fig. 21 displays the strain evolution during concrete hardening.
When the sum of strains is positive, the concrete is under tension
and fracturing strain is likely to be introduced. No plastic strain oc-
curred during the calculation, which signalizes no concrete deteri-
oration in compression. It is evident that temperature strain is the
most important contribution at early ages.

Crack development in the beam is presented in Fig. 22. The
experiment revealed that the first major crack occurred close to
the beam’s mid-span at 75 h. Our simulation also predicted the
crack occurrence at that time but the location was different, see

Fig. 22. This mismatch can be explained by the fact that stress–
strain conditions along the longitudinal beam’s axis are similar
and thus cracks can localize anywhere.

At the age of 30 days the numerical model computed several
major cracks. The experimental results also showed severe cracks
at that time. The maximum calculated crack width rose to about
250 lm. Unfortunately, no experimental evidence exists to vali-
date this value.

4. Conclusion

The presented thermo-hydro-mechanical model demonstrates
the high potential for the design of massive reinforced concrete
structures. The model is quite versatile and can assess structures
with a wide variety of concrete mixtures, including concretes made
from blended cements. Such concrete mixtures are widely used in
massive elements due to their low hydration heat.

The developed model is based on a staggered solution strategy.
Firstly, the transport analysis is carried out to calculate the evolu-
tion of structural moisture and temperature fields. Thereafter, the
mechanical behaviour of the reinforced concrete structure is
solved. It imports the result from the transport analysis to enhance
the creep and shrinkage prediction. The analysis incorporates geo-
metrical as well as material nonlinearities such as large displace-
ments and rotations, material damage, or crack formation.

Fig. 22. Cracks in the beam at 75 h (the upper figure) and at 30 days (the bottom). Cracks below 150 micrometers are filtered out.
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The model may seem to be too complicated for a practical use
due to the fact that it uses a high number of material parameters.
However, the executed calibration and validation revealed that
most of them can be default values. In some rare cases they can
be refined. A suitable user interface makes such an analysis simpler
[25]. Due to a lack of unified benchmark experiments, comparison
with other thermo-hydro-mechanical multiscale models [6–13]
becomes cumbersome.

The model has been implemented in Advanced Tool for Engi-
neering Nonlinear Analysis (ATENA) software and thus it can be
widely used in civil engineering practise.
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